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Abstract
Let (X,T ) be a topological space. A point x is in the θ-closure of A, denoted by clθA, if
each closed neighbourhood of x intersects A. The pair (X, clθ ) is a closure space, also called a
neighbourhood space. A subset A is θ-closed if A = clθA. θ-closed sets are closed sets for a new
topology Tθ on the set X. The semi-regularization topology of T is denoted by Ts .
Various topological properties are considered on (X,T ), (X,Ts), (X, clθ ) and (X,Tθ ), in
particular connectedness and local connectedness.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The notions of θ - and δ-closure were introduced by Velicˇko [15]. Clay and Joseph [3]
have used the θ -closure to define θ -connected subsets relative to the space. In [16] Velicˇko
considered the notion of θ -connectedness which will be called here V –θ -connectedness.
We recall some definitions and notations.
Definition 1. Let (X,T ) be a space and let A ⊂ X. The closure and the interior of A
are denoted by clA and intA, respectively. A point x is in the θ -closure (respectively
δ-closure) of A, denoted by clθA (respectively clδA), if each closed (respectively regular
open) neighbourhood of x intersects A [15]. A subset A is θ -closed (respectively δ-closed)
if A = clθA (respectively A = clδA). A subset is θ -open (respectively δ-open) if its
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complement is θ -closed (respectively δ-closed). θ -open sets as well as δ-open sets form
topologies on the set X which are weaker than T and are denoted by Tθ and Tδ . The
topology Tδ is the semi-regularization topology of T , denoted also by Ts , whose basis
is the family RO(X,T ) of regular open sets in (X,T ). The operator clδ is the closure
operator in (X,Ts ).
The inclusions Tθ ⊂ Ts ⊂ T hold.
In general clθ is not a Kuratowski closure operator since it need not be idempotent. But
it is a ˇCech closure operator since it satisfies the required axioms:
(1) clθ∅ = ∅;
(2) A⊂ clθA for every A⊂X; and
(3) clθ (A∪B)= clθA∪ clθB for every A,B ⊂X.
The pair (X, clθ ) is a ˇCech closure space, a distributive neighbourhood space (see [8,
Chapter 1, Theorem 8]). If c is the complement operator in the power set of X, the iterior
operator in the neighbourhood space (X, clθ ) is c ◦ clθ ◦ c and will be denoted by intθ .
Hence, a subset G is θ -open if and only if G= intθG. A subset G is a neighbourhood of a
point x in the space (X, clθ ), denoted by G ∈ J (x), if x ∈ intθG.
More generally, a neighbourhood of a subset A of a closure space (X,υ) is any subset U
containing A in its interior. (See [2].) Thus U is a neighbourhood of A if and only if
A⊂X \ υ(X \U).
Definition 2. A pair (B1,B2) of nonempty subsets of X is a θ -separation relative
to X [3] (respectively a δ-separation) if (B1 ∩ clθB2) ∪ (clθB1 ∩ B2) = ∅ (respectively
(B1 ∩ clδB2) ∪ (clδB1 ∩ B2) = ∅). A subset A is θ -connected relative to X (respectively
δ-connected) if there is no θ -separation relative to X (respectively δ-separation), (B1,B2),
such that A= B1 ∪B2.
A subset A of X is V –θ -connected [16] if it cannot be expressed as the union of two
nonempty subsets with disjoint closed neighbourhoods in X, i.e., if there are no disjoint
nonempty sets B1 and B2 and no open sets U and V such that A = B1 ∪ B2,B1 ⊂ U,
B2 ⊂ V and clU ∩ clV = ∅.
We emphasize that θ -separation relative to X and θ -connectedness relative to X coincide
with separation and connectedness in the neighbourhood space (X, clθ ). (See [2] or [9].)
Since clθ and clδ are the closure operators in the (generalized) topological spaces (X, clθ )
and (X,Ts), the following is true:
(i) A subset A is θ -connected relative to X if and only if it is connected in (X, clθ ).
(ii) A subset A is δ-connected in (X,T ) if and only if it is connected in (X,Ts).
The following relations are well known and easily verified.
Lemma. Let (X,T ) be a topological space and A⊂X. Then:
(i) [15] clθU = clδU = clU for every open set U ;
(ii) (see [7]) x ∈ intθA if and only if there is a closed neighbourhood of x contained
in A.
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Hence, for every point x ∈ X regularly closed neighbourhoods in (X,T ) form a
neighbourhood basis in (X, clθ ).
(iii) The set clθA is closed in (X,Ts ) and thus in (X,T ).
(iv) The topologies T , Ts and Tθ have the same family of open-and-closed sets, i.e.,
CO(Tθ )= CO(Ts )= CO(T ).
Proof. We prove only (iii). Let x ∈ clδclθA. For every open set U containing x there is a
y ∈ int (clU) ∩ clθA. clU is a closed neighbourhood of y , thus clU ∩ A 
= ∅. It follows
that x ∈ clθA. ✷
Mamuzic´ [9, Proposition 3] and Clay and Joseph [3, Proposition 2.9] assert that for a θ -
separation (B1,B2) relative to X of a θ -closed subset A, the sets Bi are θ -closed. A similar
result holds for θ -open subsets.
Proposition 1. Let (B1,B2) be a θ -separation relative to X of a θ -open subset A. The sets
B1 and B2 are θ -open.
2. Connectedness properties
Theorem 1. For a subset A in (X,T ) the following implications hold:
(i) A is connected ⇒ A is connected in (X,Ts)⇒ A is connected in (X, clθ )⇒ A is
connected in (X,Tθ ).
(ii) [3, p. 277] A is θ -connected relative to X⇒A is V–θ -connected.
Proof. (i) Suppose A is not connected in (X,Tθ ). Then A = A1 ∪ A2, such that Ai are
nonempty, disjoint and Ai =Hi ∩A where Hi is closed in Tθ , i.e., Hi = clθHi for i = 1,2.
Then (A1,A2) is a θ -separation of A for A1 ∩ clθA2 =A1 ∩ clθ (H2 ∩A)⊂A1 ∩ clθH2 =
A1 ∩ A ∩ H2 = A1 ∩ A2 = ∅. Similarly, clθA1 ∩ A2 = ∅. The other implications are
clear. ✷
Examples 1–4 below show that the implications in (i) and (ii) are not reversible in
general. If the space (X,T ) satisfies some additional property or the subsets are of special
kind, then some of the implications are reversible.
Lemma (i) implies the following result.
Proposition 2.
(i) An open subset in (X,T ) is connected if and only if it is θ -connected relative to X
(= connected in (X,Tθ )).
(ii) A regularly closed subset in (X,T ) is connected if and only if it is connected in
(X,Ts).
Proof. (i) The statement follows from Lemma (i).
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(ii) Let H = clG, G ∈ T , be a regularly closed set not connected in (X,T ). There are
nonempty disjoint subsets Hi = Vi ∩H,Vi ∈ T , i = 1,2, open and closed in H such that
H1 ∪H2 =H . The sets Gi =Hi ∩G= Vi ∩G are open and clGi = clδGi =Hi. Thus H
is not connected in (X,Ts). ✷
Remark. Examples 3 and 4 below show that the statement (ii) is not true for every
Ts -closed set and that there are regularly closed sets which are θ -connected relative to
the space but not connected.
Proposition 3. A θ -closed or a θ -open subset in (X,T ) is connected in Tθ if and only if
it is θ -connected relative to X.
Proof. If A is a θ -closed (respectively θ -open) subset in (X,T ) and A is not θ -connected
relative to X, then by [9, Proposition 3] or [3, Proposition 2.9] (respectively Proposition 1),
for a θ -separation (B1,B2) relative to X of A, the sets Bi are θ -closed (respectively
θ -open), that is closed in Tθ (respectively open in Tθ ). The converse follows from
Theorem 1. ✷
Corollary 1. (X,T ) is connected ⇔ (X,Ts) is connected ⇔ (X, clθ ) is connected ⇔
(X,Tθ ) is connected ⇔ (X,T ) is V–θ -connected.
Proof. Only one implication needs a proof. The others follow from Lemma, Theorem 1,
Propositions 2 and 3.
Suppose that (X,T ) is not connected. Then X =U ∪V , where U and V are nonempty,
disjoint, open-and-closed sets. Hence clU ∩ clV =U ∩V = ∅, and thus X ((X,T )) is not
V –θ -connected. ✷
A topological space (X,T ) is almost regular if and only if (X,Ts ) is regular [12,
Theorem 1]. Noiri [13] has proved that (X,T ) is almost regular if and only if clθA= clδA
for every subset A of X. Thus, a topological space (X,T ) is almost regular if and only if
Tθ = Ts . Hence the following result.
Corollary 2. If (X,T ) is an almost regular space and A ⊂ X, then A is connected in
Ts ⇔A is θ -connected relative to X⇔A is connected in Tθ ⇒A is V–θ -connected.
Note that Example 3 shows that in Corollary 2 the subset A need not be connected.
Corollary 3. If (X,T ) is a semi-regular space, that is if Ts = T , and A ⊂ X, then
(obviously) connectedness of A is equivalent to δ-connectedness of A.
We note that in this case connectedness need not be equivalent to the other properties
even for open subsets as Example 2 shows.
Corollary 4. If (X,T ) is a regular space and A ⊂ X, then Tθ = T , so all considered
properties for a subset A are equivalent except V–θ -connectedness.
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Example 1. Let (X,T ) be the real line and the subset A = (0,1) ∪ (1,2). Then Tθ =
Ts = T , clθ (0,1)= [0,1], clθ (1,2) = [1,2], the open subset A is V –θ -connected, but it
does not satisfy any other considered property which coincide since the space is regular.
That Proposition 3 need not hold for every subset A of X, even for open subsets, can be
seen from the following example.
Example 2. Let X = {a, b, c, d, e}, T = {∅,X, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c},
{a, c, e}, {b, c, d}, {a, b, c, e}, {a, b, c, d}} and A = {a, b}. Since Tθ is the indiscrete
topology, A is connected in Tθ . On the other hand, clθ {a} ∩ clθ {b} = cl {a} ∩ cl {b} =
{a, e} ∩ {b, d} = ∅, thus the open subset A is not V –θ -connected, hence it does not satisfy
any other property. The space is semi-regular.
Examples 1 and 2 show that V –θ -connectedness and Tθ -connectedness are independent
notions.
Example 3. Let (X,T ) be the slit–disc topology on the square X = I 2 [3, Example 2.4].
Then Ts is the Euclidean topology on X, thus Tθ = Ts . The (Ts -) closed subset A= I ×{0}
inherits the discrete topology, it is not connected but it has the other connectedness
properties. It shows that in Proposition 2 open sets in (i) cannot be replaced either by
closed, Ts - or Tθ -closed subsets, as well as that regularly closed sets in (ii) cannot be
replaced by Ts -closed ones.
Example 4. Let X = Z be the set of the integers and the basis for the topology T be
B = {{2m − 1} | m ∈ Z} ∪ {{2m − 1,2m,2m + 1} | m ∈ Z}. Since every basic element
is regularly open, Ts = T . For open sets of the form {2m − 1} we have clθ {2m − 1} =
cl {2m − 1} = {2m − 2,2m − 1,2m}, while for the closed sets {2m}, clθ {2m} = {2m −
2,2m − 1,2m,2m + 1,2m + 2} holds. Hence the closed subset A = {2m,2m + 2} is
not (δ-)connected, but it is θ -connected relative to X. Also, the regularly closed set B =
cl {2m−1,2m+3}= {2m−2,2m−1,2m,2m+2,2m+3,2m+4} is not (δ-)connected,
but it is θ -connected relative to X since clθ {2m−2,2m−1,2m}= {2m−4,2m−3,2m−
2,2m− 1,2m,2m+ 1,2m+ 2}.
3. Local connectedness properties
Already considered connectedness properties can be localized in different ways. We
consider some of them.
Proposition 4. In a topological space (X,T ) the conditions (i)–(iii) below are equivalent:
every point has a neighbourhood basis in (X,T ) consisting of:
(i) connected neighbourhoods,
(ii) δ-connected neighbourhoods,
(iii) neighbourhoods θ -connected relative to X.
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Proof. Only (iii) ⇒ (i) needs a proof. Let U be an open set in (X,T ) and G its
θ -component relative to X, that is, its component in (X, clθ ). By the assumption, G ∈ T
and being connected in (X, clθ ), it is connected in (X,T ) by Proposition 2(i). ✷
Definition 3. A topological space (X,T ) is called weakly locally connected [1, p. 156] if
the components of (X,T ) are open sets.
By generalizing this definition to neighbourhood spaces, we have the following
statement.
Proposition 5. (X,T ) is weakly locally connected⇔ (X,Ts ) is weakly locally connected
⇔ (X, clθ ) is weakly locally connected ⇔ (X,Tθ ) is weakly locally connected.
Proof. The first equivalence is [12, Proposition 8]. By definition, a space is weakly
locally connected if and only if the components of the space are open-and-closed sets. By
Lemma (iv), the spaces (X,T ), (X,Ts ), (X, clθ ) and (X,Tθ ) share the class of open-and-
closed sets. By Propositions 2 and 3, an open-and-closed set is simultaneously connected
or disconnected in these spaces. ✷
A topological space (X,T ) is almost locally connected [10, Definition 3.1] if for
each point in the space there is a basis for regularly open neighbourhoods consisting of
connected open neighbourhoods. Clearly, every locally connected space is almost locally
connected. By [12, Theorem 3], (X,T ) is almost locally connected if and only if (X,Ts)
is locally connected.
Local connectedness in neighbourhood spaces was investigated by Mamuzic´ in [9]. The
following definition is the restatement of [9, Definition 3] for the space (X, clθ ).
Definition 4. The neighbourhood space (X, clθ ) is locally connected if every point in X
has a neighbourhood basis consisting of sets θ -connected relative to X.
Theorem 2. (X,T ) is locally connected ⇒ (X,Ts) is locally connected ⇒ (X, clθ ) is
locally connected ⇒ (X,Tθ ) is locally connected.
Proof. (a) Suppose (X,Ts ) is locally connected. Then for every point x there is a
neighbourhood basis consisting of δ-connected regularly open sets. Their (δ-)closures are
δ-connected and by Theorem 1 connected in (X, clθ ). By Lemma (ii), (X, clθ ) is locally
connected.
(b) Let the space (X, clθ ) be locally connected. By [6, p. 467] and [9, Proposition 5],
the components in (X, clθ ) of θ -open sets are open in the space (X, clθ ), that is, they are
θ -open sets. By Proposition 3, these sets are components in (X,Tθ ). ✷
Example 5 ([14, Example 63] and [10, Example 3.4]). Let T be the countable complement
extension topology of the real line (R,U). Then Ts = Tθ = U , the space is almost regular.
The space is not locally connected but it satisfies the other considered local connectedness
properties.
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4. Separation and compactness properties
First we recall some basic notions for closure spaces. (See [2].)
Definition 5.
(a) Let (X,υ) be a closure space. Two subsetsA andB are semi-separated if there exist
neighbourhoods U of A and V of B such that U ∩ B = ∅ = V ∩ A. A and B are
separated if there exist neighbourhoodsU of A and V of B such that U ∩ V = ∅.
(b) The space (X,υ) is:
(i) T0 (or feebly semi-separated) if for each two distinct points in X at least one
has a neighbourhood which does not contain the other point;
(ii) T1 (or semi-separated) if each two distinct points in X are semi-separated;
(iii) T2 (or separated) if each two distinct points in X are separated;
(iv) regular if for each point x and each subset A such that x /∈ υA there exist
neighbourhoodsU of x and V of A such that U ∩V = ∅. Stated in other words,
if x ∈X \ υA, then the sets {x} and A are separated.
(v) normal if each two subsets A and B such that υA∩ υB = ∅, are separated.
(vi) compact if each net in (X,υ) has an accumulation point.
Denote by N (x),Ns (x) and Nθ (x) the neighbourhood systems at x in the spaces
(X,T ), (X,Ts) and (X,Tθ ), respectively. Since Tθ ⊂ Ts ⊂ T holds, we have Nθ (x) ⊂
Ns(x) ⊂ N (x). On the other hand, it is clear that Nθ (x) ⊂ J (x). By Lemma (ii), A ∈
J (x)⇔ x ∈ intθA⇔ (∃U(x) ∈ T ) x ∈ U(x), clU(x)⊂ A⇒ x ∈ int (cl (U(x)))⊂ A, so
A ∈Ns (x). Hence we have
Proposition 6. For every point x in (X,T )
Nθ (x)⊂ J (x)⊂Ns (x)⊂N (x)
holds.
By [2, Theorem 26.B.5(a)], (X, clθ ) is T1 if and only if {x} = clθ {x} for every x ∈ X,
that is {x} is closed in Tθ , which is equivalent to Tθ be T1.
It is known that the Hausdorff property is shared by the space and its semi-regularization,
while (X,T ) is almost (completely) regular if and only if (X,Ts ) is a (completely) regular
space. (See, for example, [12].) Also, by [4, Theorem 2.1], (X,T ) is T2 if and only if
(X,Tθ ) is T1. Hence the following results.
Theorem 3.
(i) (X,T ) is T0 ⇐ (X,Ts) is T0 ⇐ (X, clθ ) is T0 ⇐ (X,Tθ ) is T0.
(ii) (X,T ) is T2 ⇔ (X,Ts) is T2 ⇔ (X, clθ ) is T1 ⇔ (X,Tθ ) is T1.
(iii) (X,T ) is T2 12 ⇔ (X,Ts) is T2 12 ⇔ (X, clθ ) is T2.
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Proof. We prove only the second equivalence in (iii). Let (X,Ts) be T2 12 and x and
y be two distinct points in X. Let U and V be regular open neighbourhoods of x
and y respectively with disjoint closures. By the Lemma, clU and clV are disjoint
neighbourhoods in (X, clθ ) of x and y , respectively. The converse is proved similarly. ✷
Theorem 4.
(i) (X,T ) is (completely) regular ⇒ (X,Ts)= (X, clθ )= (X,Tθ ) is (completely) reg-
ular.
(ii) (X,T ) is normal ⇒ (X,Ts) is normal ⇒ (X, clθ ) is normal.
Proof. Only the second implication in (ii) needs a proof. Let clθA and clθB be disjoint
sets. They are closed in the normal space (X,Ts), so there are disjoint Ts -open sets U
and V containing clθA and clθB , respectively. Similarly, there are disjoint Ts -open sets U1
and W containing clθA and X \U , respectively. Then clθ (X \U)⊂ clθW = clW ⊂X \U1
holds, which implies clθA⊂X \clθ (X \U). Hence U is a neighbourhood of A in (X, clθ ).
In the same way V is a neighbourhood of B in (X, clθ ). ✷
If X is a finite set, Tθ consists of open-and-closed sets in (X,Tθ ), so the space (X,Tθ )
is normal for any topology T on X.
That some of the above implications are not reversible can be seen from the examples.
In Example 2 the space (X,T )= (X,Ts) is T0 but (X, clθ ) is not T0; the space (X,T )=
(X,Ts) is not normal since the closed and disjoint sets {a, e} and {b, d} have no disjoint
neighbourhoods. But (X, clθ ) is normal since the sets {a} and {b} are the only nonempty
sets whose θ -closures are disjoint. The sets {a, e} ∈ J (a) and {b, d} ∈ J (b) are disjoint.
The space (X,Tθ ) is normal as X is a finite set.
Also in Example 4 the semiregular space (X,T ) is T0 but not normal, while (X, clθ )
is not T0 but it is normal. For every point m, clθ {m} ∈ J (m) holds. The space (X,Tθ ) is
indiscrete and thus vacuously normal.
In Example 5 the space (X,T ) is neither regular nor normal, while the space (X,Ts)=
(X, clθ )= (X,Tθ ) is T4.
Proposition 6 implies
Theorem 5. (X,T ) is compact ⇒ (X,Ts) is compact ⇒ (X, clθ ) is compact ⇒ (X,Tθ )
is compact.
5. The quotient space
Definition 6 [2, 33 A.4 and 33 C.1]. Let f : (X,υ)→ Y be a mapping from a closure
space (X,υ) into a set Y . If u is the closure operator on Y inductively generated by f , that
is, u(B) = B ∪ f (υ(f−1(B))) for each B ⊂ Y , the closure space (Y, u) is the quotient
closure space of (X,υ) under f .
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The following equivalence relation on (X,T ) was considered in [5]: x ∼ y if clθ {x} =
clθ {y}. We consider the quotient space of (X,T ) under the relation ∼ and denote it by
(X˜, T˜ ). Its θ -closure space will be denoted by (X˜, clθ ), while the quotient closure space
of (X, clθ ) under this relation is (X˜, u). The equivalence class which contains x is [x], and
p :X→ X˜ is the canonical mapping.
Theorem 6. For any subset B in X˜, u(B)⊂ clθB holds.
Proof. Let [y] ∈ u(B), U˜ be an open neighbourhood of [y] and cl U˜ be its closure in
(X˜, T˜ ). DenoteA= p−1(B) andU = p−1(U˜). The set F = p−1(cl U˜) is closed in (X,T )
and contains the closure of the set U . Since u(B)= p(clθ (p−1(B))= p(clθA), y ∈ clθA
implies F ∩A 
= ∅, thus cl U˜ ∩B 
= ∅ and [y] ∈ clθB . ✷
Remark.
(a) If (X,T ) is a regular space, then clθ = cl holds, (X˜, T˜ ) = (X˜, clθ ) is the
T0-identification space of (X,T ) and u is the closure operator in (X˜, T˜ ), thus in
Theorem 6 the equality u(B)= clθB holds.
(b) If (X,T ) is an almost regular space, then clθ = clδ holds, (X˜, (T˜s)) = (X˜, clθ ) is
the T0-identification space of the regular space (X,Ts) and u is the closure operator
in (X˜, (T˜s )). For every x , [x] = clδ{x} is true and for every Ts -open set V and
every Ts -closed set F we have p−1(p(V )) = V and p−1(p(F )) = F . (See [11]
for example.) A basis in (X˜, (T˜s )) is the collection {p(B) | B ∈ RO(X,T )}. For
every B˜ = p(B), T˜ int(T˜ cl (B˜)) = B˜ holds, i.e., B˜ ∈ RO(X˜, T˜ ), hence (T˜s ) ⊂
(T˜ )s . Conversely, for every regularly open set U˜ in (X˜, T˜ ) and the set U =
p−1(U˜ ), clU = p−1(T˜ cl (U˜)) and int (cl (U)) = p−1(T˜ int(T˜ cl (U˜))) = U . Thus
U = p−1(U˜) ∈ RO(X,T )⊂ (X,Ts). Hence U˜ ∈ (T˜s ).
Since (T˜ )s = (T˜s ) holds, the space (X˜, T˜ ) is almost regular, u is the closure operator
in (X˜, (T˜ )s), so in Theorem 6 the equality u(B)= clθB holds again.
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